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ABSTRACT: We construct a discrete family of smooth non-supersymmetric three charge
geometries carrying D1 brane, D5 brane and Kaluza-Klein monopole charges in Type 11B
supergravity compactified on a six-torus, which can be interpreted as the geometric de-
scription of some special states of the brane system. These solutions are asymptotically
flat in four dimensions, and generalise previous supersymmetric solutions. The solutions
have a qualitatively similar structure to previous non-supersymmetric smooth solutions
carrying D1 and D5 brane charges in five dimensions, and indeed can be viewed as the
five-dimensional system placed at the core of a Kaluza-Klein monopole. The geometries
are smooth, free of horizons and do not have closed timelike curves. One notable difference
from the five-dimensional case is that the four-dimensional geometry has no ergoregion.
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1. Introduction

An important goal for the study of black hole thermodynamics is to understand the grav-
itational description of the microstates responsible for the entropy. String theory and in
particular the AdS/CFT correspondence offers the tools needed to explore these issues.
The past few years have seen significant progress in our understanding of the geometri-
cal description of the states underlying some special black holes which can be embedded
in string theory. Though a generic microstate responsible for the black hole entropy is
expected to admit a description only in the full string theory, there is at least a subset
of these states which can be well described by supergravity solutions. Probably the best
studied example is the supersymmetric black hole in five dimensions [fl, fl]. The microstates
of the five dimensional black hole with two charges, which has a string-scale horizon if we
take into account higher derivative corrections, have been completely described [{]-[L2.
For the black hole with three charges in five dimensions, which has a macroscopic horizon,
many explicit examples of the microstates are known [[J—[R4], though the picture is far less
complete. Similar results have been achieved for the case of three and four charge systems
in four dimensions [R5-[R7. For a review of some of these developments, see Y, Y.

The results mentioned above refer to systems with unbroken supersymmetry in four
or five dimensions. It is an important and non-trivial task to extend the success of the
supersymmetric case to the more general non-supersymmetric states. Although the su-
persymmetric black holes already have finite horizon areas, the non-supersymmetric ones
are qualitatively different: notably, because they have a non-zero temperature. This im-
plies that the study of non-supersymmetric black holes is significantly more complex; it
will involve issues like Hawking radiation and dynamical instabilities. Also, from a techni-
cal point of view, the task of finding supersymmetric microstates is greatly facilitated by
the classification theorems in supergravity which hold in the presence of some unbroken
supersymmetry [BJ]. For the non-supersymmetric case, these techniques are not available.

The only known geometries describing non-supersymmetric microstates are the ones
of [B]]. In the Type IIB duality frame, these solutions carry D1, D5 and momentum charges
in five dimensions. A natural problem is to extend these solutions by adding a Kaluza-
Klein (KK) monopole charge to the system, to produce non-supersymmetric microstates
of the four-charge system in four dimensions. In the supersymmetric case, the analogous
problem can be solved in a systematic manner. The results of [] imply that a large
class of supersymmetric solutions can be described by a set of harmonic functions. In this
language, adding KK monopole charge turns out to be equivalent to adding appropriate
constants to some of these harmonic functions. However, the analysis of [BJ has shown
that the linear structure underlying the supersymmetric solutions is completely destroyed
when we pass to the non-supersymmetric case. Thus, the solution of this problem will
require the use of different techniques. We will approach this problem by the same route
taken to construct the five-dimensional non-supersymmetric microstates in [BI]. We will
first construct a suitable general family of stationary geometries, and then find constraints
on the parameters to obtain smooth solutions.

Qualitatively, we would expect the relevant solutions to look like the five-dimensional



solutions of [BI] placed at the core of a KK monopole. We could attempt to directly add
the KK monopole charge to the general metric considered in [B1]], which was first obtained
in [BJ). However, adding the KK monopole charge to the charged solution would be quite
complicated. Instead, we observe that solutions with D1, D5 and momentum charges
can be obtained by starting from a suitable vacuum solution and applying a sequence
of boosts and dualities. For the solution of [BJ], the relevant vacuum solution was the
Myers-Perry black hole. We can add the KK monopole charge to this vacuum “seed”
solution, and then subsequently add the other charges. This is a useful way to proceed
because there are powerful solution-generating transformations for the vacuum solutions,
based on an SL(3,R) symmetry of the equations of motion [B4]. This solution-generating
transformation was used to construct black hole solutions with KK electric and magnetic
charges in [BY, Bd]. It has recently been shown that it can be used to add KK monopole
charge to any stationary, axisymmetric solution of the vacuum equations [B7, B§. The
black hole solutions of [BH, might appear at first glance to provide appropriate “seeds”
for us, but they correspond only to under-rotating versions of the Myers-Perry black hole
placed at the core of the KK monopole, while smooth solutions are obtained by considering
over-rotating black holes. In section [, we therefore construct new seeds, starting from the
Kerr-Bolt instanton. Once we add the KK monopole charge, the solutions we obtain will
turn out to be an analytic continuation (in parameter space) of the solutions of B3, Bf],
and they indeed describe an over-rotating Myers-Perry black hole at the core of the KK
monopole. The general solution carries KK electric and magnetic charges and angular
momentum in four dimensions. The KK electric charge and angular momentum in four
dimensions correspond to the two independent angular momenta in five dimensions, so we
would expect them to be determined in terms of the other conserved charges when we
obtain a smooth solution.

Once we have obtained appropriate vacuum “seed” solutions, we add D1 and D5
charges by a sequence of boosts and dualities in section . In this paper we restrict the
analysis to the case with zero momentum charge. The general case has some additional
complications which will be studied in a forthcoming publication. The solution is given
in section B.3; the reader not interested in the details of its construction can skip to this
point.

In section [, we identify solutions corresponding to microstates of the brane system by
a systematic search of the parameter space for values at which all the singularities can be
removed. We find that as expected, the smooth solutions are determined by the D1, D5
and KK monopole charges, and an integer n > 1. For all values of n greater than 1 the
solutions are non-supersymmetric; for n = 1 the solution reduces to the supersymmetric
D1-D5-KK microstate found in 5. In section [}, we verify that the solutions identified in
section fl are free of horizons, curvature singularities and closed time-like curves, and that
the matter fields are also regular.

In section fi, we study some properties of the solitons. We find that there is a limit in
which the solutions have a near-core geometry which is an orbifold of AdS3 x S3; as in [BI],
obtaining this limit requires a suitable scaling of the charges. Thus these solutions are good
candidates to describe microstates of the D1-D5-KK black hole. A rather surprising feature



of these solutions is that in the four-dimensional metric, there is no ergoregion. This is in
contrast to the five-dimensional solutions of [B1]], where all the non-supersymmetric solu-
tions had an ergoregion. This implies that the instability identified for the five-dimensional
solutions in [BY] will not appear for these four-dimensional solutions. Investigating their
stability is an important open problem. We also show that if we write the four-dimensional
solutions as a fibration over a three-dimensional base space, this base space is identical to
that obtained for the five-dimensional solutions of [BI] in [B2. Hence, as argued in [B7],
the picture of four-dimensional solutions as built up out of half-BPS “atoms” of 7] does
not apply to these non-supersymmetric solutions.

In the future, we would like to extend this class of solutions by adding momentum
charge, thus producing non-supersymmetric microstates of the four charge black hole.
This is not as straightforward as one might imagine, because the three charge solutions
constructed here also carry an induced KK monopole charge along the y direction. Adding
momentum along y by boosting in that direction will therefore produces NUT charges in
the solution, which makes it asymptotically not flat (in four dimensions). It might be
possible to cancel this NUT charge by starting with a seed solution which already carries
some NUT charge. Then one can attempt to cancel the induced NUT charge against the
one present in the seed metric. The details of the construction, however, are likely to be
complicated.

Another important issue to address is the stability of these solitons. It was shown in [BY]
that the five dimensional non-supersymmetric microstates of BI] suffer from a classical
instability which arises from the presence of an ergoregion. We have shown that the four
dimensional geometries we construct here do not have a four-dimensional ergoregion, so
we expect that they do not suffer from this particular type of instability. It would be very
interesting to investigate other possible instabilities of this system.

It would also be interesting to relate the geometric picture of the microstates found
here to a microscopic description. It would be particularly interesting to consider the
behaviour of these microstates as we vary the coupling, along the lines of [R7, and see if

they can be related to some quiver gauge theory description at weak coupling.

2. Over-rotating vacuum solution

We begin by constructing a suitable vacuum solution carrying KK electric and magnetic
charges. As explained in the introduction, it is easier to add the KK monopole charge
to the vacuum solution and then add the D1 and D5 charges, because we can add KK
monopole charge to any five dimensional stationary axisymmetric vacuum solution of Ein-
stein equation by an SL(3,R) solution-generating transformation [B7, B§. The resulting
general solution will also carry a KK electric charge; this can be thought of as corresponding
to angular momentum along the fiber direction in the five-dimensional geometry. We need
to construct new vacuum solutions because the known black hole solutions of [B5, Bf] only
describe under-rotating black holes. On the other hand, in order to construct microstates
one needs a family of solutions containing horizon-free geometries. We could construct
appropriate solutions by applying the procedure of [B7, Bg] to the over-rotating Myers-



Perry solution. One finds, however, that these solutions lie in the same SL(3,R)-orbit
as the Kerr-Bolt instanton trivially lifted to five dimensions. Hence one can equivalently
construct the required vacuum solution by applying an SO(2,1) transformation to the Kerr-
Bolt instanton. This construction has the advantage of providing a parametrization which
is similar to the one used in [BH, Bf] and, in fact, the solution we obtain is related to the

one of [BY, by a simple analytic continuation in parameter space.

2.1 The solution generating technique
Let us briefly review the solution generating technique of [B4]. A stationary solution of
five-dimensional Einstein equations can be brought to the form

) . 1
ds% = gap(d€* + w“idm’)(dfb + wbjdx]) + —ds% , 1= —detgu, (2.1)
T

where a,b = 0,1 and £° = ¢, ! = 2. z is a compact coordinate and % is assumed to be
Killing. w® are gauge fields on the three-dimensional space parametrized by z*, and thus
they can be dualized to scalars, V,, such that

dVy = —Tggp *3 dw?, (2.2)

where *3 is performed with the metric ds%. Introduce the 3 x 3 unimodular matrix

1 1
Gab — ;Va‘/b ;Va
TVb T

The equations of motion can be written as
dx3 (x tdx) =0 (2.4)
and 1
3 — _
R = 2Tr( Mo 90)- (2.5)

As shown in [B7, it is useful to interpret eq. (2.4) as the integrability condition for the
following;:
X tdy = *3dk. (2.6)

This defines a 3 x 3 matrix of 1-forms . One has that

W= k%, W= —kl. (2.7)

The equations of motion are invariant under the linear transformation
x — NxNT | k= (NT)"'kNT | N € SL(3,R) (2.8)

if the base metric dsg is kept fixed. This SL(3,R) group of transformations can be used
to generate new solutions from known ones. If one wants to preserve the asymptotic
structure of the solution, which in our case is R®! x S, the transformation matrix N has
to be restricted to the subgroup SO(2,1).



2.2 Constructing the vacuum seed metric

We want to construct a vacuum solution with the following properties: it goes asymptot-
ically to R3! x St it carries KK electric and magnetic charges along the S' and, when
the size of the KK monopole is made much larger than any other length scale, the solu-
tion reduces to the over-rotating Myers-Perry solution. We will obtain such a solution by

applying an SO(2, 1) transformation to the following starting metric:

ds? = —di? + o (mfjbcosg)z <dz B 2mA(mb]; bcoSH)d¢>2
+(p? — (m — bcos §)?) dTPQ +db? + é sin? 9d¢2] : (2.9)
A F
where F and A are
F=p*4+m?=bcos’0, A=p®>+m?—0b. (2.10)

This is a Kerr-Bolt instanton lifted to five dimensions by adding a flat time direction. The

x and x matrices associated to the metric (R.9) are

2_ 2

e B e : (2.11)

0 _ 2mp _p2—(m—bc050)2

F F
0 0 0
in2 A _

=10 R amilmobeost) 2 | 4o (212)

02m<c059_w) _ 2mbpsin? 0

F P

Of particular interest to us is the asymptotic behavior of x. This is important in determin-
ing the condition for the absence of NUT charge in the solution obtained after a general
SO(2,1) rotation. We find that

0 0 0
k|0 0 —2m cos 6 (2.13)
0 2mcos 0

for large p. Under a transformation N, k transforms as in (B.§); using also the fact

that w® = —x%, we see that the transformed solution is free of NUT charge if the (0,2)
component of the transformed x vanishes at large p. This leads to the condition

N13N39 = N12N33. (2.14)



A general SO(2,1) matrix can be decomposed as N = N3Ny N; where

cosha sinha 0

N; = | sinha cosha 0 |, (2.15)
0 0 1
1 0 0
Ny = | 0 coshf sinhj |, (2.16)

0 sinh 8 cosh 8

cosy 0 —sinvy
N3 = 0 1 0 . (2.17)
siny 0 cosvy

Using this parametrization of N, we can rewrite the NUT elimination condition (R.14) as
tan 2y = tanh a csch 3. (2.18)

In order to impose this condition we will find it most convenient to solve the above equation
for , leaving 3 and v as free parameters. Using now the transformation rule (R.§), and
reconstructing the components of the transformed metric from the transformed x and x,
we arrive at the following metric:

a2 = Bt anarm? L o+ a (P 1 ae? 1+ 2 neas?) . (2,19
35—2(2"‘ um)_g( +W¢¢)+ K-i- —i—Psm o° ], (2.19)
where
A =72 —2Mr + P? + Q* — 352 — v?, (2.20)
2 =r2—2Mr —b%cos’ 0 + P% + Q? — 3%2, (2.21)
c c
Auda = Zdt + <w; + Ew%) dg, (2.22)
2P%y 2JPQ cos 6
A=(r—-%)2- — b cos? 0 2.2
(T ) S M cos + (M + 2)2 _ QQ’ ( 3)
2Q%% 2JPQ) cosf
B = v)? — — b cos? 0 — 2.24
(r+%) SENY; cos %)= P (2.24)
2PJ cosO(M + %)
=2Q(r—%)— 2.2
C=2Q(r—X) =2 —p2 (2.25)
2.J sin? 0 (M? +3%2 - P2 —QY)(M +X)
0
= r—M 2.2
e " (M +X)?—@? ’ (2.26)
. 2PA 2QJsin? 6 [r(M — %) + MY 4 352 — P? — Q?]
W= cost — 5 5 5 (2.27)
f [PIM+ %) - Q7
We have redefined the radial coordinate as
p=r—M. (2.28)



The constants M, 3, Q, P and J are functions of m, b, 3 and ~, given by
m sinh 3 cosh 3

M = , (2.29)
\/1 — sin® 27 cosh? 8
1 — 2 cos? vy cosh?
P _ mcosy ( COS” 7y cos ﬁ) , (2.30)
V/1 — sin? 2 cosh? 8
0= msin -y (1 — 2sin? v cosh? B) (2.31)
\/1 — sin® 27 cosh? 8 .
g _mb sin2y (11— s%nz 2 cosh;1 15} , (2.32)
2 1 — sin” 27y cosh” 3
5 _mcos 27 sinhﬁcoshﬁl (2.33)
\/1 — sin® 27 cosh? 8
It follows from this that the parameters of the solution satisfy the relations
M? +3%% - P2 Q%>+ m? =0, (2.34)
Q2 P2
=2 2.35
X+ M + >-M ’ (2:35)
v [(M+%)?—Q? [(M—-X)? - P?
I F - [ ) l_ J?. (2.36)

P2+ Q2 — M2 — 352

In order to perform the dualities of the next subsection, we will also need the potential
Vo associated to the metric (R.19), together with the components /<;10,¢ and /fo(w of k. They
are given by

2
W = —Z(JCOSG+PQ),
Ko = 2 |QAcos B+ ———T1 ((r — MY(M + £)+ P+ Q> M2 352 sin? 0
00— g2 (M —x)2 — P2 )
2 JQP
0 _ . .9
K 0¢ = 72 [(M—i— Y)Acosb + DS (r—M)sin“6|. (2.37)

The metric (R.19) is analogous to the metric found in [B], with the crucial difference
that while the metric of [BH] goes over to the under-rotating Myers-Perry solution at the
core of the KK monopole, the metric (R.19) approaches the over-rotating Myers-Perry
solution in the same limit. As for the metric of [BJ], one can rewrite the solution (R.19) in
a somewhat more convenient parametrization, analogous to the one found in [Bg]. In this
new form, the parameters § and v are exchanged for parameters p and ¢, defined as

p=M-%, g=M+23. (2.38)
The constraints (.33) imply

p(p*+m?) 5 qlg®+m?)

2 p— —_— =
P= (p+aq) @ (p+q) (2.39)
~ opa(pg — m?)?



We also return to the original radial coordinate, p = r — M. Then the metric functions
can be rewritten explicitly in terms of this parametrization as

A = p*4+m? -, (2.41)
f? = p?>+m? —b*cos?, (2.42)
2 2 2 2 2

- +m \/q +m
A=f2412 (g —m?) Vb 9 2.43
R wra) m(p + q) R (2:43)
—m? \/ 2—|—m2\/q2+m2
B friog|ps BI=m) VD 0], 2.44
/ a° (p+4q) m(p+ q) o8 (2.44)

Va qv/p* + m?
C =2 V@ +m2(p+p) — ————bcosh|, 2.45
e (p+p) — (2.45)

0 2.J sin? ¢ [ 3 m2(p + q)
f? (pg —m?)

Sl 2vp 1
VP Fqf?

The quantities needed for the dualities can be rewritten in this parametrization as

] do, (2.46)

/2 2
Vp? +m2Acosf — bq#(ﬂp — m?)sin? 9] dep.  (2.47)

9 o2
Vo = 2 VP [b(m ™) cos + V52 1 m2/2 +m2] : (2.48)
A(p+q) m

Wl _ 2 Va
SO T

/2 2 2
V& +m2Acos§ + YL T m:;(pq *m) sin? 9] . (249)

by/p? +m2/q% + m?2
m(p + q)

0

2
K0, = —Pq Acosf +

psin? 6] . (2.50)

This parametrization manifests the fact that the metric (2.19) is an analytic continuation
of the metric in [Bg]. The two metrics are related by

pL = 2p, qr. = 2q, (2.51)

mr, = —im, ay = b, (2.52)

where pr, g1, mz, and ay, are the parameters of [Bq].

3. Adding charges via dualities

In the previous subsection we have constructed a solution of the five-dimensional vacuum
Einstein equations, whose asymptotic limit is R3! x S'. The only charges carried by this
solution are KK electric and KK magnetic charge along the S', which we denote by P,
and K K, respectively.

We can trivially lift this solution to ten dimensions by adding five flat compact direc-
tions, which we denote by y and z1,...,24. By a sequence of boosts and dualities we can

add charges corresponding to D1 branes wrapped along y and D5 branes along y, 21, . . ., 24;



we denote these charges as D1, and D5y1234. A further boost along y would add P, charge,
but we do not explicitly perform this last step in this paper. In this way we generate a
non-extremal solution carrying P,, KK, D1, and D5,1234 charges. When augmented with
the last P, charge, this solution represents the most general non-extremal solution with
four non-compact dimensions: all other solutions are related to this one by dualities.

Let us start by introducing some notation. We rewrite the five-dimensional vacuum
solution in (2.19) as

ds? = —(1 — H)(dt + A)? + ds?, (3.1)
where
1—H)=—gy, A=u"+%(dz+u) _Ar-c _¢
= —0it, = it y gt = AB y Gtz = A
ds? = —i(dz +wh)? + lds2 T = f—2 (3.2)
Y g T A '

When lifted to ten dimensions this solution becomes
4
dsiy=—(1— H)(dt + A’ + dsi + dy® + dsqa, dsgu = _dz}. (3.3)
i=1

3.1 Duality chain

In the following we describe the sequence of boosts and dualities required to add the desired
charges. At each step, the charges of the resulting solution will be given in parenthesis (for
brevity, we will omit the starting P,, K K, charges, that are present throughout). Since this
procedure is fairly standard by now, we will be very schematic. The only computationally
challenging step is the dualization of the RR 6-form into the corresponding 2-form, so we
will give more details of this step. For brevity, we introduce the notation

S1,5 = sinh (51,5 , C15 = cosh (51,5 , H175 =1+ H sinh? (51,5. (34)

B® denotes the NS-NS B-field and C'®) the p-form RR field. ® is the dilaton. All metrics
are in string frame. Our conventions for the normalization of the gauge fields and U-duality

rules are as given in appendix A of [f.

3.1.1 Boost along y with parameter 05 (P,)

The change of coordinates

t—cst+s5y, Yy — sst+csy (3.5)
produces the metric
csss H 2 1-H
dsty = Hs |dy — 22— (dt + csA) + s5.A| — (H—)(dH%A)? +ds? + ds2a. (3.6)
5

,10,



3.1.2 T-duality along y (F1,)

1-H
ds?y = H: 'dy? — (Hi)(dt + s A)? + ds? + ds2a, (3.7)
5
H
B® — _05;;5 (dt + c5A) + s A| A dy, (3.8)

3.1.3 Boost along y with parameter 6; (F1, — P,)

The transformation

t—ct+s1y, y—sit+cy (3.10)
gives
ds?y = % dy—q;lH(dt—l—C1C5A)+S1C5A 2—% [dt+cic5 AP +ds?+ds2g, (3.11)
B® = —% [(dt + cres A) A (dy + s1¢5A)] + s5.A A (crdy — s1dt) (3.12)
e** = Hy'. (3.13)
3.1.4 S-duality (D1, — P,)
ds?y = ;}2 dy — CI}S;IH (dt + c1c5A) + s1c5A i
5
- SJQ? [dt + cres A + HY?(ds2 + ds2.), (3.14)
5 1
c® = —05;[551{ [(dt + c1e5A) A (dy + s1¢5.A4)] + s5A A (erdy — s1dt) (3.15)
e** = Hs. (3.16)

3.1.5 T-duality along T* (D5y1234 — Py)

2

H H
ds3y = 1}2 [d?/ - oo (dt + c1c5A) + s1c5A
H. H,y
1-H )
_(-H) 7 ) [dt + cres AP + Hy?ds? + Hy 2ds2., (3.17)
oYy
H
o) — [_ €585 [(dt + cresA) A (dy + sicsA)] + s5A A (erdy — spdt) | Adz}, (3.18)
5
= .19

Note that the type IIB action in our conventions only includes p-forms with p < 4. Thus
the 6-form gauge field generated in the step above has to be dualized to a 2-form by using
the electric-magnetic duality. Note that in the general case (i.e with a non-trivial NS-NS
2-form) the duality equation is modified by the presence of Chern-Simons terms. However
in the case at hand, there is no NS-NS 2-form field and the duality equations are the naive
ones given below.

- 11 —



3.1.6 EM duality

As explained above, in order to perform the dualities that follow, we need to dualize the

6-form C©) to a 2-form C®. That is, we have to find a C? satisfying
%dC©®) = dC@),

where * is performed with the metric (B.17). From (B.1§) we find

1-H
dc® = —c;I—S;’dH/\(dt+clc5A)/\(dy+slc5./4)+(Hi)85d./4/\(cldy—sldt) Adz}.
5 5
Define 1-forms w; and wey as
w1 = dt + cie5.A,
H
wo = dy — as w1 + sic1A,
1
so that Ly
c1dy — s1dt = ciwg — %wl,
and

C555

dC®) = [ —dH Nwy N wy + md.%l/\ <01w2 — Mwﬂ)} A dz;l.

B H.g H; H,y

Let ), n® be any 1 and 2-forms on ds?. The Hodge star operation acts as

8 n H; &
*|:77 /\(A)l/\u)g/\dzl :—mﬂQlT] s
1 HH.
2 4| _ 1415 2
>I<|:77( )/\wl/\dzl_ = m(*zln( ))/\WQ,
1 Hs(1— H)'Y?
o [n® nwn nds] = %(*M(m) Awr.

We can use these relations to compute

*4dH
(1 _ H)1/2
+55(1 — H)*2(s4dA) A (crdt — s1dy).

«dC©) = ¢5s5 < + (1 — H)??(x4d A) A .A>
The C® solving (B:20) can then be written in the form
c® = ¢585C + s5B A (c1dt — s1dy),
where the 1-form B and the 2-form C have to satisfy
dB = (1 — H)*?(x4d A),

dC = (% + (1 — H)*?(s4d A) A A) .
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(3.21)

(3.22)
(3.23)

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)
(3.32)



The dualization problem has thus been reduced to finding B and C that solve (B.31)
and (B.32). Note that these equations involve only the seed vacuum metric.
Let us first look at B. If we further decompose B as

B =B, (dz +w') + B, dg, (3.33)
we find that (B.3])) implies
de = T)\(]a *3 dw® (334)
and
d(Bj dg) = +3(x""dx)". (3.35)
Comparing these equations with the ones defining V, and &, we see that
B, =-Vy, Bydo=r'o. (3.36)
Similarly let us write
C=(dz+w)ACs, (3.37)

where C, is a 1-form on the 3D base, which in our case has only has a component along ¢.
Then (B.32) implies that

d(C, + Vouw?) = *3(X_1dx)00, (3.38)
so that a solution is

C., = —Vow® + k%%. (3.39)

In conclusion, we have related the solution of the duality equation (B.2() to the quan-
tities Vg, w®, & that have been computed for the 5D vacuum solution in (R.48)-(2.50)). The
RR 2-form C'® dual to C©) is given by (B:30) with

B = —Vy(dz+w') + k',
C = (dz +w') A [=Vow® + k%]. (3.40)

3.1.7 S—duality (NS5y1234 — Py)

2

H
ds%o = Hq |dy — 01811 (dt + c1c5A) + s1c5A
1-H
—( T ) [dt + 0105./4]2 + H5d831 + dé’gm,
1
B(Q) = ¢c585C + s5B A (Cldt — Sldy), (341)
e2? = Hs.

3.1.8 T-duality along y (INS5y1234 — F1,)

1—H
dS%O = Hfl [dy + 81858]2 — % [dt + 0165A]2 + H5d8421 + ds%m,
B H 1-H
B® = 5550+ 222 A dt+ | L2 (di4eres A)—sics A| A dy+ssss? BA A,
Hl Hl H1
H

¥ =2 3.42

© T h (3.42)
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3.1.9 S—duality (D5y1234 — Dly)

dsty = Hy V2H (Idy + 1581 — (1 H) [dt + eres AP

g T
5
C® = c585C + ClSiB A dt + [clsllH (dt + c1c5A) — 3105./4} A dy (3.43)
+85¢557 : BAA,
2 _ % (3.44)

This is the final result: it describes the non-extremal geometry with P,, KK, D1, and
D5,1234 charges.
3.2 Change of gauge

It is convenient for later purposes to make a coordinate transformation

2+m2)
I — —ssgz: —ssuq(qiz. 3.45
y =y 19575 Yy 155 p(p% + m2) ( )

If we combine this with a gauge transformation

q(¢% +m?)

@ _ o _ alg” +m”)
O A\ )

dt A dz, (3.46)

this will leave the metric and two-form gauge field in the same form as before, but with a

shifted B:

q(q® + m?)
p(p? + m?)

[a(q* +m?) q(g* +m?)
_ (VO _ W) (dz +wl) + (H(l] — Wuﬂ).

We would like to re-absorb this shift into a redefinition of V{, and /{é as indicated; since

B =B+ dz (3.47)

C = (dz +w') A [=Vow® + K%, (3.48)

This also involves shifting ),

Ky = Ko — WP, (3.49)

p(p? + m?)

- 14 —



Thus, the solution is of the same form as before after this transformation, but with the

new quantities

1 [q(@@+m?) | qgb [p?+m?
vo— L e tm) e, o 0 3.50
0 A\ p(p? +m?) ! P\ TP q® +m? o8 ’ (3:50)
2b\/q\/p +q sin® 6
1 2 2
ke = +m*)+m(p — q)], 3.51
0= s Pt e —a)] (3.51)
2 [q2+m?2 b )
K = —Fq Acosf + Zrmim (pp — m?) sin® 9] . (3.52)

Henceforth we will always work in this coordinate system, and will omit the prime on .

3.3 Summary of the solution

We have now constructed an appropriate solution carrying the required charges. Let us
collect together some information about the solution here for ease of reference. As in [B1], it
will be convenient for studying the singularity structure to rewrite the solution by writing
factors of A explicitly. Let us therefore write (1 — H) = G/A, Hy5 = Hy5/A. Then the
charged metric can be written as

dS%O = (]:11}}5)—1/2 [A(dy + 51858)2 - G(dt + 0105./4)2] (353)
o 2 dp? A Y2
+(H, Hs)'/? H—G(dz +wh)?+ % +db” + 7 sin® Gdng] + gll/z dshu,
5

and the matter fields are

A A—
C® = cs85C + 01;:5[ B Adt + [M(dt +cre5A) — 3105A] A dy

1 1

+s5cf,s%£8 AA, (3.54)
H,

H
e = =1, (3.55)

Hs

where
o_C 1
A=w’— E(dz +w), (3.56)
B = —Vo(dz + wh) + K}, (3.57)
C = (dz +wh) A (=Vow® + K]) = dz A (=Vow" + k), (3.58)
His = A+ (A-G)sis, (3.59)
A 2 _ 2

G=A(-H =22 (3.60)

B
The functions from the vacuum metric are given in equations (R.41)-(R.47), and we work

with the shifted y coordinate, so the quantities from the electromagnetic duality are given
in (B.50)-(B.52). The determinant of the metric is
H3
g=——Lsin%6. (3.61)
Hs
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Since both the y and z directions have a finite size as p — oo, the solution is asymp-
totically flat in four dimensions. By rearranging the metric, we can rewrite it in a form

which is suitable for Kaluza-Klein reduction,

S C
ds?y = (H Hs)™'/? [A(dy + 51558)? + D(dz + w' + 01055(dt + clc5w0))2} (3.62)
~1/2
o~ f2 dp2 A H
+(H H5)'/? [_E(dt + cresw®)? + N + do? + I sin? 0do? | + FI11/2 ds2.,
5
where
2 2 2 20, 29, Gf* 2
D - BCIC5 — f (0185 + 8105) + 78185. (363)
The charges of the four-dimensional asymptotically flat solution are
1 2, .2
M = 5[?74'(](1 + 51+ s3],
2 2
pop, P Em)
p+q
q(g®> +m?)
Q = Qcics = cics,
(»+q)
2
J = Jeic _b\/p_q(pq m )0105,

m(p +q)

Qi = (S8;Cq, 1= 1, d. (3.64)

Here M is the mass of the solution and J its angular momentum, expressed in units for
which G4 = 1; P, Q, Q1 and Q5 denote the KK monopole, KK electric, D1 and D5 charges.

3.4 BPS limit

Let us consider the limit of the geometry (B.53) in which m — 0, with the charges and
the angular momentum held fixed. If the charges Q; and Qs are fixed to non-zero values,
then the boost parameters §; and d5 must be taken to infinity. The resulting geometry
can be parametrized by its charges, P, Q, Q; and Qs (assumed to be positive), and by
the angular momentum parameter b, all of which are finite in this limit. One finds, using
egs. (B.64), that p, ¢ and d; should behave as

3 . o g PQz
+ O(m?), sinh¢; = m\ a0

m>2Q1Q5

3) P +0(m°), i =1,5.

(3.65)

p:P+meq:<

In this limit the mass of the solution reduces to the sum of the D1, D5 and KK monopole
charges:

M:%W+&+Qﬂ (3.66)

This shows that the limit m — 0 saturates the BPS bound.
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Let us introduce the new coordinates

~  pcosf—D

7 =p—bcosh, cosf = (3.67)

p—becosh’
The metric, gauge field and dilaton one obtains after performing the limit (B.65) can be
recast in the form

7.\ 1/2
ds® = (2,25) V2 [—(dt — k)? + (dy + wp — k)] + (21 25)%ds% + <7;> dsZ.,

dsh = V7 dz + x)? + V(di® + 72d0? + 7 sin? 6%dg?),

. dt + k
C(Q):Z5/\(dz+x)+(dy+dt+wp)/\< Z+>
1
Z
2w _ 21
=7 (3.68)

Here 71, Z5, and V are harmonic functions on the flat three-dimensional space spanned
by the coordinates 7, 6 and ¢; k and wp are 1-forms on the four-dimensional space with
metric dsQB, of the form

H - H
k= (Hk+2—‘l/))(dz+x)+k, wp:VP(dz—i—M—i—J}p, (3.69)

where Hj, and Hp are harmonic functions and k and & are 1-forms on R3 that satisfy

. dH
x3dk = VdH), — HpdV — TP . #3ddp = —dHp, (3.70)

with *3 the Hodge dual on R3; x and Z5 are 1-forms on R? related to V and Z5 by
x3dy = dV , 3 dZs = dZs. (3.71)

Now (B.6§) is of the general form of a supersymmetric solution with a Gibbons-Hawking
base space, and vanishing momentum along y. This general form was obtained in [B(].
This shows that in the m — 0 limit the solution (B-53) becomes supersymmetric.

The explicit values of the functions V', Z;, Hy and Hp, which are obtained by taking
this limit of (B.53) are:

Qr Qi

V:1+T, ZZ:1+~—,’L:1,5
T Te
Qke ( QK> Qre  1Q5 (1 1 )
- Qe () Qg Qe QiQ5 (1 1Y 3.72
g 2QK Te F QK QKe r Tc ( )

where we have defined

C:2ba QK:2P5 QK622Q, QZ:2Q15 Z:1?5
Te = \/F2—|—02—|—2cfcos§. (3.73)

Let us review the analysis of the singularity structure of the supersymmetric met-
ric (B.6§). A general analysis of the regularity of metrics of the form (B.6§) has been
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performed in [R5, [(§, [[9, A, 7. One should ensure that the 1-forms k and wp are regular
at the point ¥ = 0, where the KK monopole potential V' diverges,. This, in particular,
requires that

Hp
k,=H — = .74
k+ A 0 (3.74)
at 7 = 0. This condition is satisfied if
QrQ3%
c=——-—"2¢ 3.75
@Q1Q5 — Q%. (3.75)

It can be checked that, with the condition (B.73), the metric (B.6§), (B.79) is regular if the

coordinates y and z are subject to the identifications’

(ya Z) ~ (y + 27TRy’ Z) ~ (y’ z+ 27TR2)

@Q1Qs5 QK
R, =2 , R, =2—, Ng eN. 3.76
Y Qre =~ Nk (8.76)
This metric with these identifications coincides with the smooth supersymmetric D1-D5-
KK solution found in [R5 by a completely different method, i.e. by adding KK charge to
the extremal D1-D5 geometry of [B, M.

4. Finding smooth solutions

Within the family of metrics constructed in the previous section, we want to see whether
there are any smooth solutions. We can see by inspection that the metric will have coor-
dinate singularities at H, = 0, H;=0,0= 0,7 and A = 0. Because ]:1175 involve 1/B, it
will also have singularities at B = 0. Although the form of the metric in (B.53) appears
to involve factors of 1/G, these cancel out in the actual metric coefficients, as can be seen
from the alternative form (B.69), so there is no problem at G = 0. There is a potential
coordinate singularity at A = 0. There is also a potential singularity at f2 = 0, but since
2= A+ b?sin? 0, we will always meet a singularity at A = 0 first.

We will focus on the singularity at p = pg = Vb2 —m?2, where A = 0, and try to
interpret it as a smooth origin. As usual, § = 0,7 should be coordinate singularities. This
will require appropriate identifications, to be analysed later. We would expect that the
other coordinate singularities would be true curvature singularities, so we wish to arrange
to have solutions where Hy, Hs, A,B > 0 everywhere. The determinant of the metric on
the surfaces of constant p vanishes at A = 0. For the case with no momentum charge
which we are studying in this paper, we require the identifications of y and z to lie in the
surfaces of constant t. Hence for p = pg to be a smooth origin, we need the determinant of
the metric on the surfaces of constant p and ¢ to also vanish there. This determinant can

be easily evaluated using (B.63):

H? .
Iipt) = ?}2 [AAD sin® 6 — c%cg(wig)Q] . (4.1)

!The metric is strictly speaking regular only for Nx = 1. For Nx integer greater than one, the metric
has the usual conical singularity corresponding to Nk coinciding monopoles.
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In particular, at A = 0, this is a non-zero factor times the square of

. m?(p + q)
f2wg = 2JSIH2 6 (p — W) . (42)
Therefore, for the determinant to vanish at p = py, we need
m?(p +q)
pPo = b2 — m2 = W (43)

This implies
p2 _ A0+ m) (¢ +m?)
(pg —m?)?

We will always assume we take the positive square root. If the parameters satisfy ({.4),

(4.4)

the singularity at A = 0 is a degeneration, where one of the spatial directions is going to
7ero size.

We should check that no other singularity will be encountered in the region p > po,
0 < 6 < . Using ([.4), we can rewrite

b2
A= [<p - )+ +cose>} | (45)
0
b2
B = f*+2q [(p—po)er—(l—COSa)}, (4.6)
0
so we can see that A > 0 and B > 0 for p > pg. Also,
~ 2 2
Hi=Ac —Gs? = A <cl2 - %5?) + %S? >0 (4.7)

for p > pg, as A > 0 and B > f2. Thus, when ([L4)) is satisfied, the only singularities in
the metric are at p = pp and at § = 0, 7. Each of these is a degeneration in the (y, z, ¢)
part of the metric.

4.1 Identifications

So far, we have performed a local analysis. We now want to see what global identifications
we need to make in the (y,z,¢) space to have a smooth metric. At each of the three
coordinate singularities, p = pg, # = 0, or 8 = 7, some combination of these directions is
going to zero size, and we want to choose an appropriate period to make this a smooth
origin in a plane (we could in general allow orbifold singularities, but for simplicity we
focus on the task of constructing smooth metrics). We will write a general Killing vector
in this space as £ = 0y — a0, — 0., and choose a and 3 to make the norm of the Killing
vector vanish at the degeneration in each case. The direction which goes to zero size is
then along ¢ at fixed y + a¢, z + B¢. In each case, it will turn out that we have to set
o= 3135%;(1]@, 6= wé to make the contributions to £ - £ from the first line in (B.69) vanish.
Consider first the singularities at § = 0,7. At 0§ =0, f2=A, v =0, s} =0, and

wh = 2—\/5 Pt m?

d¢ = 2Pd¢. 4.
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Thus the direction which goes to zero size at § = 0 is along ¢ at fixed z + 2P¢, y. The

metric looks locally like df? + sin? #d¢?, so ¢ needs to be a 27 periodic coordinate. Thus,

the identification required to make this a smooth origin is?

(y,2,0) ~ (y,2 — 4P, ¢ + 27). (4.9)

Similarly, at § = 7, f2 = A, w? =0, H(l) =0, and w! = —2Pdg, so the direction which goes
to zero size at 0 = 7 is along ¢ at fixed z — 2P¢, y, and the required identification is

(y,2,0) ~ (y,z + 47P, ¢ + 2m). (4.10)

Finally, at p = pg, f2 = b?sin? 6, w° =0, w! = —2Pd¢,
, (4.11)

Vav/P+q
/q2 +m2’
to the non-zero size of this circle away from p = pg comes just from the % sin? d¢? term

in the metric; the first line of (B.63) makes a contribution of order (p — po)?.

so the relevant circle is along ¢ at fixed z—2P¢, y+4s155q The leading contribution

Therefore,
writing p = po(1 + 222), the relevant part of the metric is

— 2
A\/ H, H <d22 + %d&). (4.12)

Thus, the necessary identification here is

/ +
(y,2,0) ~ (y - 87msls5qM
/q2 +m2

where n = b/py. We will write

, 2 +4mnP, ¢ + 27771), (4.13)

4q Vavp t+4q
/q2 + m2
in subsequent expressions for compactness. We want the metric that we obtain by Kaluza-

Klein reduction from (B.69) to be asymptotically flat in four dimensions, so after the
dimensional reduction, ¢ must be 27 periodic. Given the identification (f.1J), this imposes

5185 (414)

a second condition on the parameters:

b
If we consider a solution satisfying (f4) and ([I§), and the periodici-
ties ([.9), (E10), (E13), the metric will be smooth at the coordinate singularities. We

will verify in the next section that it is also smooth in the corners where two circles are
going to zero size simultaneously, and that the matter fields are smooth.

2The shift of y by z we introduced in section @ was chosen to make this and the next identification be
at constant y.
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It is important to note that the periodicities (f.9)), (.10), (E.13) do not fix the lattice
of identifications in the ¥, z, ¢ space uniquely. This is because although we need each of
these identifications to be a primitive vector in the lattice,® ([.9), (E10), (-13) do not
necessarily form a basis for the lattice. Specifying the most general lattice consistent with
the requirement that ([£9), (F.10), (E.13) are primitive lattice vectors is quite complicated,
so we will not discuss it in detail. As a particular example, this freedom includes the
freedom to choose the integer-quantized magnetic Kaluza-Klein charge. We get a solution
with Nk units of magnetic Kaluza-Klein charge on reduction to four dimensions by taking
the basis of identifications to be

(y.2°,¢) ~ (y — 27nRy, 2, ) ~ (y z+ 877]\%, <z5> ~ (y,z +47P, ¢ + 27). (4.16)

This is one example of a large space of possibilities consistent with (L.9), (E10), ([{.I3).
In the rest of this paper, we will generally proceed as if (l.9), (E10), (LI3) is a basis of
identifications; any other possibility corresponds to taking an orbifold of the spacetime we
describe. In particular, more general possibilities may have orbifold singularities in the
corners in the ten-dimensional metric.

These smooth solutions admit a unique spin structure, which has antiperiodic boundary
conditions for the fermions around each of the contractible cycles ({£.9), ([10) and ({.19).
The fermions will thus be periodic under z ~ z + 87P, and will be periodic under y ~
y — 2mnR, for odd n, and antiperiodic for even n. Thus, for odd n, the solutions have a
spin structure compatible with preserving supersymmetry at large distances.

4.2 Solving the constraints

There are two constraints on the parameters to obtain a smooth solution, (f.4) and ({.17).
It is useful to have an explicit solution of these constraints. We can obtain a simple solution
by treating p and pg as the independent parameters, and solving for everything else in terms
of them. We then have

), = po(p + po)(n* — 1)

b=mnpy, m>=pi(n .
” l (b= po(n? 1))

(4.17)

We assume pg, p are such that ¢ > 0. The various functions appearing in the solution can
be rewritten in terms of these parameters, which makes their positivity properties more

3This is necessary to make the metric smooth at the corresponding coordinate singularity. If the identi-
fication is not a primitive lattice vector, we will have an orbifold singularity where this cycle degenerates.

— 21 —



manifest:

A = p* = pp, (4.18)
12 = (0" = p§) + pgn*sin® 9, (4.19)
A= 24 2p[(p — po) +n?po(1 + cos b)), (4.20)
a po(p + po)(n* — 1)
B = f2 +2 (()p _ po?n2 _ 1)) [(P - /00) + ’I’L2p0(1 — COS 9)]’ (4'21)
200/ n(n?—1
¢ = 2V PO IO — o)+ (o + )1 = cost)], (422)
Wi 2
WO = 28 ?gp_po)dgb, (4.23)
o pop(po +p)n?(n?® — 1)2
i P e By R 124
0! = Voo = (= 1) (57 — ) cost
popn’? . .
. poo(n2 —) (p — po)sin® 6 — n?pg sin® 0| de, (4.25)
and
_ n(n*-1) PP + po)
Vo=—-——— \/p(p _Opo(n2 ~ E [f2 +2p(p + p + (p + po) cos §))], (4.26)
1 2n4/po(p + po) sin® O  po(n® —1) 2 _ 22— _
S s i Iy L L G A R
+2p5(n* = 1)(po +p)],
o 2p@t+p)@® =D 5 cos n?po = 2(n2 — 1)) sin?
=~ R |0~ ot o o = e - e

This parametrization will be used later in relating the n = 1 case to the supersymmetric
solution and to study the near-core decoupling limit of the solutions.

5. Verifying regularity

5.1 Matter fields

The dilaton is clearly regular. For the gauge field C?), we would like to see that it is possible
to make gauge transformations to make the field regular at each of the degenerations. Recall
from section B.3 that

B H 1-H
A7 Nt — | =22 (dttcres A) +s105A| Ady+ssess———BAA, (5.1)

c® —
C5S5C+ H1 H1 H1
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where A, B, C are given in (B.56), (B-57), (B.53). We need to calculate the component of
this two-form along the degenerating direction { = 0y — a0y — 30z. This is

dt

igC(Q) = [0155(—‘/0(4);5 + Iié@) + ac1s1H + B0155V0] E (5.2)
[ C Cl(1-H)
0 1

— _3105(w¢ — awd)) + ﬁ81055 Tldy
[ C C dz

+ _0555(‘/0w2)c% - /{8,¢H1 —(1- H)ama(bs%) + asyes(1 — H)E] o
[ 0o C 02,0 c 1 2y| L

+ |—asics(1 — H)(w' — =w)—Besss (—Vow e +rkoH1+—= (1 — H)kgst) | —-
i G G H,

Since at each degeneration, o = 3135/16 o and 0 = wé, we can consider the three different
degenerations simultaneously by substituting in these values of & and 3. Substituting these

in,

2 0.2
1-H c585¢1 VowgC
igC(Q) = 01551657(15(175 — S1C5 o, wgdy + (% — C5S5K87¢> dz (53)

2 1 217 ,1Y,.,0
s5cs5(s7(H — 1)kg , + ciViwg)w
+ < H17¢ 077¢ 0555(.0;5/48@ do.
Note that this expression is valid only near one of the coordinate singularities. Since w® =0
at each of these, this expression simplifies to

igC(Q) = 0155/@(1]7(1)(12? - 0585587¢(d2 + wédqb). (5.4)

These remaining terms are all constants. Thus, these components of C'?) are locally pure
gauge, and it looks like we ought to be able to remove them by a gauge transformation to
obtain a two-form potential which is regular at the degeneration.

However, this may not be possible globally. The integral of C® over a closed two-
cycle is gauge-invariant, and if there is a non-zero integral over a two-cycle which shrinks
to zero size, it will indicate a singularity in the gauge field. We therefore need to consider
whether there is any such integral which is non-zero. Since the component of C'?) along
the degenerating direction never has a non-zero dy component, the integrals to consider
are where we integrate over the degenerating cycle and one of the two cycles ([L.9), (.10).
Here we need to consider the cases separately. If the cycle (.9) is degenerating, then
w! = 2Pd¢, and the integral over the 2-cycle formed by the product of the 1-cycles ([£9)
and (}.10) is

jé C® = —167°c555Pr} 4 = 321°PQs. (5.5)
When it is the cycle (J.10) which is degenerating, w' = —2Pd¢, and the integral over the
2-cycle determined by the cycles (£.9) and (£.10) has the same value as in eq. (5.5). When

it is (J.13) which is degenerating, w! = —2Pd¢, so the integral over the product of (£.13)
and (.10 vanishes, while the integral over ([.13) and ([.9) has the same value as in (f.9).
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These non-zero integrals of C® do not immediately imply a singularity in the gauge
field, as there is still the freedom to make large gauge transformations. That is, the gauge
potential (and hence the integral) actually take values in a circle rather than the reals. If
the right-hand side of (f.J) is an integer multiple of the size of the gauge group, it can be
set to zero by a large gauge transformation.

The requirement that (p.§) is an integer multiple of the size of the gauge group is in
fact just the usual quantization of a magnetic charge, required to make the gauge field
well-defined over the whole sphere at large distance. Let us review the usual form of this
argument. The magnetic charge associated with C'® is the integral of the three-form field
strength over the surface spanned by (6, z,¢). If we work in a fixed gauge, we can write

F3) :y{ C<2)|6:7r _y{ 0(2)|9:0. (5.6)
0z¢ z¢ 2

At 6 = 0,7, the dz Ad¢ component of C®) from (B:54) is simply Cii) lo—0.r = Ccs85dz AK) =
F2qcsssdz A do = F2Qsdz A dp. Thus, integrating over ([.9) and (E17),

F®) = 3272PQ;. (5.7)
0z¢

this integral as

Now in this gauge, the gauge field is not well-behaved at either end of the range. If we

change the gauge so Cz?ﬁ)|9:0 = 0, then since the charge is gauge-invariant, we will have

Céi”g:ﬂ = 40Qs5dz N d¢. For the gauge field to be globally well-behaved on the whole
surface, there must be a large gauge transformation which can be used to shift this to
zero. This is equivalent to requiring that the charge (F.7) is a multiple of the size of the
gauge group. This large gauge transformation is then precisely what we need to see that
the integral (5.H) of the two-form over the degenerating two-cycles is gauge-equivalent to
zero. Thus, we have succeeded in showing that the gauge field is regular up to gauge

transformations.

5.2 Corners

With the conditions above, the solution is smooth at p = pg or 8 = 0, 7. However, it is not
clear what happens in the ‘corners’, where p = pg and 8 = 0,7. In this section, we will
introduce coordinates which explicitly show that the ten-dimensional geometry is smooth
at these points as well.

Consider first the corner at p = pg, = 0. Define new coordinates by*

= (p—po) + po(1 — cosb), (5.8)

= %(1 + cosb). (5.9)

7 cos?

[NCNISPIIEEN

In the new coordinates, p = pg, § = 0 is at 7 = 0, with p = pg, 8 # 0 along § = 7, and
p % po, 6 = 0 along 6 = 0. In these coordinates,
dp?

1 -
2 _ 22 =252 1
: +db 7zyzc(dr + 7db”), (5.10)

4Note that for n = 1, these are the same as the coordinates used in section @
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with 72 = 72 4 47 pg cos 0 + 4p3. Near 7 = 0,

p— po ~ C(l—{—COSé), sin’ § ~ L(l—cosé), (5.11)
2 Po
SO
A = 7po(1 + cosb), (5.12)
where .
v = 5[(1 + cos0) +n?(1 — cos 0)]. (5.14)
We also have
4pb?
A~ P2 (5.15)
Po
B = 27 (po + q)% (5.16)
C =~ N\/_ ¢ +m (14 cosf) + p0+p(1—cos§) . (5.17)
VP +4q Po

The above scalings imply that G, and hence H 1,5, remain finite as 7 — 0: the vanishing of
B in the denominator of (B.6() is cancelled by the factor of A, C? in the numerator. Also,

FI175 are constants, as
Af? A
G~ AL An (5.18)
B po+q

The one-form A ~ O(7), so we can ignore it, while

B~ 2g ng:njg ( b+ ﬁ> (5.19)

Hence the first line in (B.53) just involves constants in this limit. After some algebra, the
non-constant part of the metric becomes

f2

A -
5 (dz +w)? L s B 0 ~ [d + 72d6? (5.20)

A 1?
)

2
—i—;—nQ(l—i-cosH <d¢+—> 1—COS‘9) <d¢—;—;> ]

Thus, if we define coordinates 7 = R?, 6, =

Y1 = % (<z5 - %) ; (5.21)
Yo = % <¢ + %) , (5.22)
@=y+%(¢+%), (5.23)
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the non-constant part of the metric becomes the standard metric on R?, while the identifi-

cations ([L.9), (.10), (E.13) become respectively 11 ~ 11 427, § ~ §+ 2T Ry, 12 ~ s + 2.
Thus, the local geometry is globally R*, and hence smooth near this corner.
Consider next the corner at p = pg, § = w. We similarly define new coordinates

7e = (p— po) + po(1 + cosb), (5.24)

0 _
7. cos® Ec = %(1 — cosf). (5.25)

In the new coordinates, p = pg, § = 7 is at 7. = 0, with p = pg, 6 # 7 along 6, = 7, and
p # po, 0 = 7 along 6, = 0. In these coordinates,

dr” + db? = L(de + 72df?) (5.26)
A Fre. ¢ eV '
where now 72 = 772 + 4poT. cos éc + 4p(2). Near 7. = 0,
7:c A .2 7;c N
p— po ~ 5(1 +cosb.), sin“f = p—(l —cosb,). (5.27)
0
SO
A & Fepo(1 + cosb,), (5.28)
f2 ~ 27:0/)0'707 (5.29)
where as before we will define
1 _ -
Ve = 5[(1 + cosf,) +n?(1 — cos b.)]. (5.30)
We also have
A = 27(po + P)Ye, (5.31)
4qb?
B~ 2 (5.32)
Po
40372\ /2 2(2 2
0~ VG AT ) (5.33)

VP Fa(pg —m?)

Thus for small 7., G ~ —C?/B is a constant, and ]:1175 are then constants:

- C? 4¢2(p* +m?) ,
Higm —sigm —— o ts? 5.34
B (pg — m?) 15 (5:34)

Also,

S » . Wl —2Pdo, (5.35)
AG po+p

2
so the X—G(dz +wh)? term in the metric is a constant size circle, and the non-constant part

of the metric is, up to an overall factor,

dp? A A
dy? = % + db* + I sin? 0dp? + 7 (dy — s155Vo(dz + w) + s1s565)°. (5.36)
1415
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After considerable algebra, this becomes

1 C
d22 ~ QPOTC(dT' +7”2d92) po(l +COSH ) 2R2 (dy 3185%(d2} +w1))2
Te ~ 1 2
+r_(1 —cosf,) <dq§ + —(dy — s1s5Vp(dz + wl))> . (5.37)
PO R,

If we set 7. = R2, 0, = 209, 2 = z — 2P,

1 1

this becomes the standard metric on R*, plus some terms involving Z which are small com-

f_2 ~2 . . . I e . .
pared to the 4=dz* factor. The identifications ([L.10), (f.13) become in these coordinates
simply 11 ~ U1 + 27, 19 ~ 1y + 2, so the metric is globally R*, and hence smooth near
this corner.

5.3 Closed timelike curves

Finally, we verify the absence of closed timelike curves in this metric. We will do this by
showing that ¢ is a global time function, which requires ¢' < 0 everywhere. A basis of

orthonormal vector fields for (B.62) is

| _ (HiHs)'* 2 _ (HiHs)'

- a v N s155V00y), (5.39)
A 1
¢ = %@" et = == (5.40)
(Hl 5) / (H1H5) /
60 = i(at - 010562), (541)
J(HHs)'4
5 f ) . .
N 7. H B - - 42
e VA sin 0(Hy Hy) /4 (0p — 8185k 40y — W0 — c1C5W30t), (5.42)

plus four more for the T¢. From this, we can compute

gtt = — A~D — f CIC5 (A}¢ 2 (543)
f2\/ H1H5 ASIH 0\/ H1H5

To show this is negative, we will write it in terms of separate factors independent

of the Charges and show that each of the factors is negative separately. Let us write

gt = ———1—_U, where

f2A\/ H,Hs
U=F +(s1+ s+ AcEF; (5.44)
and

Fy = (1+H)Af?A,
Fy = HAf?A, (5.45)
Fy = A(B — f2)A — HAf?A — 4J%sin 0(p — po)*>. (5.46)
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We already know that A, B, f? and A are positive for p > pg. It is also easy to see that
H is positive, as
(B-f* , C?

+—-—>0 (5.47)

H="—p3 AB

because B > f2. This implies that Fy, Fb > 0. It remains to be shown that F3 > 0.

To show that this last term is also positive, we rewrite it as

Fy=2 = S(AB 2~ C2[)A ~ BP(p— po)?sin? 0] (5.48)

As we already know that B > 0, it is sufficient to show that the term S is positive. This
term is a sixth order polynomial in r = (p — pp),

S = cer® 4 510 + car® + 313 + cor® + e + co. (5.49)

To prove that S > 0 it is sufficient (though not necessary) to show that the individual

coefficients ¢; are positive. We find

4 _ 2
¢ = Jalpg —m’) (5.50)
p+gq
cs = 8q(pq + 2m?), (5.51)
C4 = Ca0 + c41 €08 0 + c49 c08% 0, (5.52)
¢3 = C30 + ¢31 €08 0 + c39 cos? 0, (5.53)
4m?2(1 — cos 0)g(p*+m?)?(¢* +m?) 5 3
Ccy = €20+ €21 €oS 0499 cos® 6 + coz cos® 0| 5.54
(p+4)*(pg—m?)? | .
o 8m?¢?sin? 0(1 — cos 0) (p*+m?)*(g* +m?)?[m? (p+q) (1-+cos ) +2q(pg—m?)] (5.55)
1= T
(p+a)*(pg—m?)*
co = 0. (5.56)

In the following we will not need the explicit values of the coefficients c9;, ¢3; and cy;.
Noting that p > 0,q > 0 and pg — m? > 0, the first two coefficients are immediately seen
to be positive. For ¢4, c3 and ¢y the story is more complicated, and it turned out to be
simplest to show these terms are positive indirectly. Let x = cosf. Then for ¢4 we have

ca(=1) = (p+q)(pg — m?)~" [16pg((p* + 3qp + 4¢*)m* (5.57)
+q(2p* + 5gp” + 3¢°p + 3¢°)m* + p*¢* (p + 2q)) + 16m¢* (pg — m?)] > 0,
16¢q
ca(l) = g [(p*+3ap+¢*) m*+2pq (p*+ap+¢*) m*+p°¢*] >0, (5.58)
16 2 2 2 2 2
() = —SomiapT+mI) e +mT) (5.59)

(p+ q)(pg —m?)

From this data one can see that ¢4 is positive at the boundaries, and is an inverted parabola.
This implies that c4(z) > 0 for all  between —1 and 1. Similar data for ¢ also proves
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that it is positive for all values of 6:

_ 32¢*(p° + m?)(¢> + m?)

s(=1) (p+ q)2(pg—m2)? [P°* +m°p(p* +pa-+q°) +m?(p+2q) (pg—m?)] > 0,
9 2,572( 002 2 2 2
es(1) = S2mPa(p +m2)gq ) o,
(pg —m?)
16m20(n> 2\ (2 2 9 2(9p 13
() = 10 q(p” +m7)(¢ +m*)(pg(2q +p) +m*(2p +39) _ (5.60)

(p+ q)(pg — m?)?

For ¢y the argument is more complicated. The prefactors in (5.54) are clearly positive so
it is only necessary to consider the bracketed term. Let us call this term ¢é;. We first prove
that ¢ (z) is positive for x € [—1,1]. This we do by furnishing the same data as done above
for ¢4 and c3:

&(—1) = 4q(pq*(p + 2q) + pm*(2p + 3q) + m*(pq — m?)) > 0, (5.61)
&(1) = 4q [(p* + pg + ¢*) m* + p*¢®] + 4m?p(pg — m?) > 0, (5.62)
&' = —6m*(p+q)(¢* +m?) <0. (5.63)

Now given that &(x) is positive for x € [—1,1] it is sufficient to show that éy(—1) > 0 in

order to prove that ¢y is positive for all §. We find

_ 64m2q3(p2 +m2)2(q2 +m2)
(P + @)(pg — m?)

& (1) > 0. (5.64)
Finally for ¢; it is clear from (p.5%) that it is positive for all §. Thus we have shown that
S is positive for all values of p > pg and 6. Hence ¢g'* < 0, so t is a global time function,
and there are no closed timelike curves in the geometry.

Note also from (f.43) that ¢g" < 0 implies D > 0. This will be significant in the
analysis of the four-dimensional solution.

6. Properties of the solutions

6.1 The supersymmetric case

In the special case n = 1, we would expect to recover the supersymmetric solution of [25].
From the parametrization (f.17), we can see that m — 0 with ¢/ m? and b fixed as n — 1.
Thus, if we scale §; — 00 so as to keep m?s;c; fixed as we take n — 1, we will be taking
the extremal limit described in (B.69). In this limit the constraint ([l.I§) reduces to the
regularity condition (B.7§) we have found in section B.4 for the supersymmetric solution.
Also the identifications ([.1q) become equivalent to (B.7d). Thus one can think of the

regular supersymmetric geometry (B.68), (B.72) as the particular member of the class of
smooth metrics of section ] with n = 1, provided that one also takes the J; parameters to

infinity, as specified in ([3.65).
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6.2 Ergoregion

In the five-dimensional solutions studied in [B1], one of the most striking and important
properties of the solutions was that they have an ergoregion, where the timelike Killing
vector at infinity becomes spacelike. The existence of an ergoregion is a characteristic
property of the non-supersymmetric solutions: unbroken supersymmetry, by contrast, im-
plies the existence of an everywhere causal Killing vector. In [BY], this ergoregion was
also shown to imply that the non-supersymmetric solutions of [BI] were unstable, using a
general argument due to [0]. It is therefore clearly important to study the ergoregion in
our solutions.

It is difficult to analyse the ergoregion in the ten-dimensional geometry (B.53). The
most general Killing vector which is timelike at large p is a linear combination of J;, 9,

and 0., £ = 0y — ady — b0,. We have
1
VH H;

Requiring this to be timelike at large p imposes

£- &= [A(a — s155Vpb)2 — G + 2Cciesb + DbQ] . (6.1)

2

q(q® +m?) 2
+ | 40P < 1. 6.2
<a SN b2+ m2) 62

The expression for £ - £ is complicated. To get some insight, we can examine its behaviour
in the corners: at p = pg,0 = 0,
€€ = ——— [4ppon®(a — Vos155b)® — 4po(p — pol(n — 1))] (6.3)
vV H,Hs

where

Volp = p0,0 = 0) = —(n? — 1>\/ nQp(]’;Ofp;(ff’_ 5 (6.4

AtP:POaHZWa

4po(po +p)*(n* = 1)
(p = po(n® — 1))V H1Hs
A necessary condition for ¢ to be everywhere timelike in the ten-dimensional geometry is

that we can choose a and b to make (f.d) and (.§) negative while satisfying (6.9). We have

not analysed these conditions in detail; they depend in a complicated way on the charges.

é‘.é“:

[1+4 (ncies — s185)b][1 + (neics + s185)0). (6.5)

Instead, we will study the ergoregion in the four-dimensional metric we obtain by
Kaluza-Klein reduction. The ergoregion in the four-dimensional metric is in general differ-
ent from the ergoregion in the ten-dimensional metric, since in the Kaluza-Klein reduction,
we project the Killing vector down to four dimensions, losing the contribution to its norm
from the first line in (B.63). The instability of [l was determined by the presence of
an ergoregion in the asymptotically flat metric, so the ergoregion in the four-dimensional
metric would seem to be more relevant to the question of stability. It also turns out to
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be much easier to determine. For this, we use (B.69), where the four-dimensional metric is
given, up to a conformal factor, by the second line. But we have shown that f > 0, A > 0,
and D > 0 away from the degenerations, so in this 4d metric, d; is timelike everywhere.
Thus, there is no ergoregion in the 4d metric!

This might seem quite surprising, but we can understand the difference from the five-
dimensional case on general grounds, without detailed calculation. The four-dimensional
metric we obtain upon Kaluza-Klein reduction is given by (B.62) for some D. Now for this
to have an ergoregion, we would need g4 to change sign while the four-dimensional metric
remains of fixed signature. If we think of the second line of (B.69) as the ¢ direction fibred
over a three-dimensional base metric, to preserve the overall signature, the determinant
of the base metric would have to change sign. But these terms are clearly all everywhere
positive: in particular, the factor in front of d¢? is positive away from the degenerations.
The difference in the five-dimensional case was that we had a pair of angular directions, so
the determinant of the four-dimensional base metric could change sign without encountering
any degenerations. Thus, we expect the absence of the ergoregion in the four-dimensional
solution to be a general property of such solutions.

Thus, the Killing vector V = 0; is timelike everywhere in the four-dimensional space-
time. Assuming that we consider test fields propagating on this spacetime which satisfy
the dominant energy condition, it follows that the energy constructed by integration over
a Cauchy surface,

£ = /5 ViT vdS,, (6.6)

will always be positive for any initial data. Hence, the instability discussed in [0, B9] cannot
arise in this case. It is then an open question whether our non-supersymmetric solutions
are unstable. There is no mechanism that would prevent them from being unstable, so
past experience biases us to think that they will be, but this is a very interesting question
for future research.

6.3 Near-core limit

The solutions we have constructed look qualitatively like smooth D1-D5 solutions sitting
at the core of a Kaluza-Klein monopole. We would therefore expect to find that there
is a suitable decoupling limit of the geometry in which we focus on the core region, and
obtain an AdS3 x S geometry. As in the previous non-supersymmetric case [B], obtaining
such a limit will require us to scale some of the charges in a suitable way, going close to
extremality. In this section, we will construct the decoupling limit for these solutions.

In the parametrization of section [1.3, the only free parameters are p, py and the charge
parameters. It seems natural to consider a limit where we take pg — 0, while holding p
and the physical D1 and D5 charges fixed: that is, we hold pgsinh §; cosh d; fixed. Note
that this is not the same as the extremal limit introduced in section B.4, in which we took
m — 0 holding b fixed. In fact, such a limit is incompatible with the constraints imposed
by the smoothness conditions. Thus, here we are not taking the extremal limit with all the
charges held fixed; instead, we are scaling Q and J to zero.
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As we take this limit, we scale the coordinates so as to zoom in on a ‘core’ region in the
geometry, by setting p = por and holding r fixed. As we take the limit, the identification
on the y coordinate scales like 1/,/po. It is therefore convenient to set y = x/4,/ppo. It
will also be convenient to set ¢t = 7/4,/ppo and z = ptp. In this limit, the metric (B.53)
becomes

ds?, %4_22 {a [dx + E%” (@(dw + o)+ n1>]2 (6.7)
—g [dT + 62711 <w0 — (1 ;osﬂ) (dyp + w1)>]2}
* g [errj 1 o+ o —Z;Z o H(dw T+ (TQ(T_Q 1_—531821:112 0) 2
+ %;ds%l,

where we have set

fz =4 glggj = 16])\/ Ql Q5, (68)
and
a=2(r—14+n%*1+cosh)), g=2(r+1-n*1—cosh)), (6.9)
) sin?
0 (r—1)sin* 6 do, (6.10)

r2 —1+n2sin0

(r?2 — 1) cos @ — n%r?sin? 0
r2 — 1+ n2sin%0

<l (r+1)sin%0

T 2.1 +n2sin?6’ (6.12)

ot =2 do, (6.11)

This metric has an AdSz x S3 geometry (at least locally). This can be made explicit by

introducing new angular coordinates

5-lesrsn - les-w, 619

and writing
r=1+4+2R? y=1~rp, 6=20. (6.14)

In terms of these coordinates (B.7) becomes

2dR?

R?+1
Clahs )d72+ 1+€2R2d<p2 (6.15)

2 R? +
_ o /[ _ n 2 0
+ 02 <d02 + cos? 0(dp + ndp)? + sin? 0 <d¢ - 6—2d7> ) + 4 /aldszﬂ.
5
The identifications ({.9), (.10), (E.13) become in these coordinates simply 1) ~ v + 27,

¢ ~ ¢+ 2m and (p,9) ~ (¢ — 27,7 + 27n). These identifications make the spacetime
globally AdS3 x S3. Recall however that these may not be the fundamental identifications.

ds® = —
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For example, if we adopt the basis of identifications ([£.16), the geometry becomes AdS3 x
S3/Zy,.. More general choices will give other orbifolds of AdS3 x S® in the decoupling
limit.

The dilaton is a constant in this limit. For the form field, we first need to make a gauge
transformation to get the correct behaviour in the limit: we shift C?) — C®) —dt A dy, so
that

- H c1558 sies A(1— H)
@ = 2 £1°58 _ 21 7 ) 1
C c555C + S5¢57 T BAA+ I, Adt T A dy (6.16)
(1 — 81(01 — Sl)H)
— dt A dy.
i, nay
Now as pg — 0, this will become
C 16n%sin?6 - Qs n _
c? =po < d /\d>—|— =21 +cos@)dp Adr (617
PLs \ o =) Y A de Q12( )dyp (6.17)

_ 1
— /%g@ —cos@)dp N dx — 350, (r+1—n2(1 - cosh))dr A dx.
In the limit,

((r — 1) cos 0 +n?(1 + cosf))

C =dz® N (=Vi® + &)) = —16pop(n? — 1) dip A dp, (6.18)

so discarding some pure gauge terms from (6.17), the two-form becomes

1

n
—dr) + 1z

7 rdr Adx| , (6.19)

— n 7
C? = —8pQs | cos O(dip + E_QdX) A (dp —

which is of the expected form to correspond to an AdSs x S2 solution.

6.4 Four-dimensional description

Finally, we will make a brief remark about the structure of the four-dimensional metric
obtained by Kaluza-Klein reduction. The four-dimensional metric in the Einstein frame is

2 dp* A
ds? = — J; = (dt + cresw’)? + VAD % +do* + 7 sin® 0d¢? | . (6.20)

We can think of this as a fibration over the three-dimensional base metric

2

d 2 2\ 29
P - 4+ do? + (p” — pp) sin 2

dsj = 2 2 _ 2 222 :
p° = Pp (p* — pj) + n?pysin” 6

(6.21)
This is exactly the same base metric found in eq. (3.22) of [B7 (with (m — n)there = There)-
Thus, passing from the five-dimensional solutions described there to the four-dimensional
one we consider modifies only the fibration, and not the three-dimensional base metric,
which is what we would expect when adding a Kaluza-Klein monopole charge.

As a result, the structure of the four-dimensional metric is the same as in [BZ]. In
particular, while the four-dimensional metric is smooth at § = 0, m, there is a Z, orbifold
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singularity at p = pg, and there are curvature singularities in the three-dimensional base
metric at the corners p = pg, # = 0, 7. These curvature singularities in the base metric do
not have simple brane interpretation. Hence, as in [BJ], the smooth solutions we have found
here do not fit into the picture of [R7], where supersymmetric solutions were described as
built up from half-BPS atoms.
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